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Abstract 

We construct the Seiberg-Witten curve for the E'-string theory in six-dimensions. 
The curve is expressed in terms of affine characters up to level 6 and is determined by 
using the mirror-type transformation so that it reproduces the number of holomorphic 
curves in the Calabi-Yau manifold and the amplitudes of A/" = 4 U{n) Yang-Mills 
theory on \K^. We also show that our curve flows to known five- and four-dimensional 
Seiberg-Witten curves in suitable limits. 



1. Introduction 



i?-string was first discovered in the study of zero-size instantons in lieterotic string tlieory 
HI]. In tlie M-tlieory description p| ii^-string appears at tlie intersection of tlie (end-of- world) 
9-brane and a membrane wliicli connects tfie 9-brane to a 5-brane representing the small 
instanton. An i?-string carries a level one Eg current algebra and possesses one half of the 
degrees of freedom of the heterotic string. In fact an i?-string may be obtained by wrapping a 
M5-brane around ^K^ surface while a heterotic string is obtained by wrapping M5-brane 
around K^. The second homology 6^ = 1,62^ = 9 of ^K^ generates 1 (9) right-(left-)moving 
bosonic degrees of freedom in 2-dimensions. Together with the freedom representing the 
position of the M5-brane one obtains 4 (12) right (left) bosonic degrees of freedom of ii^-string 
which is one half of the heterotic string, ii^-string possesses one half of supersymmetry of the 
heterotic theory and the reduction of supersymmetry leads to threshold BPS bound states 
and non-trivial dynamics in low energy E'-string theory. 

It is known that the ^K^ can be obtained by blowing up 9 points of CP^ and is also 
called as an almost del Pezzo surface Bg. Elements in the second homology group of ^K^ 
span a unimodular lattice F^'^ with signature (1,9) which contains the lattice of , 
F^'^ = F® © F^'^. The existence of the lattice F^ is the origin of the Eg symmetry in ii^-string 
theory. 

It is known that the del Pezzo surface Bg possesses an elliptic fibration over a with 12 
singular fibers. The fibration is described by a family of elliptic curves written in a Weierstrass 
form 

C : y'^ = ix^ - f{u,T;mi)x - g{u,T;mi), i = l,2, ...,8 (1.1) 

where the coefficient functions /, g are degree 4 and 6 polynomials in u, respectively 

f{u, r; rrii) = ao(T)u^ + ai(r; mi)u^ + a2(r; mi)u^ + a-^ir; mi)u + a4(r; mj), (1.2) 
g{u, t; rrii) = bo{T)u^ + &i(r; mi)u^ + h2{T; mi)u^ + h^ij] mi)u^ + h^ij] mi)v? 

+b5{T;mi)u + bQ{r;mi). (1.3) 

u parametrizes the base P^ and i = 1, 2, . . . , 8 represent the position of the blow-up points 
(position of the 9th blow-up point is fixed by the other 8 points), r gives the modulus of 
the elliptic fiber at u = cxd and is also the modulus of the torus upon which ii^-string 
theory is compactified down to 4-dimensions. {nii} correspond physically to the masses of 8 
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hypermultiplets in TV = 2 SU{2) gauge theory on x T^. 

With r being the modulus at m = oo, ao(r), hQij) are fixed to 

«o(r) = ^i?4(r), h,{r) = ^E,{t), (1.4) 
where En is the Eisenstein series with weight n, 

E2n{r) = 1 + L^^i ^ ^.M=E^'' ? = e'^^^- (1-5) 

V / ■ Si V / m=l c(|m 

By shifting the variable u we can eliminate either one of the functions ai or hi. In the following 
we choose a "gauge" where we put 

ai(r;mi) = 0. (1.6) 

We call eq.( |l.l| ) as the six-dimensional Seiberg-Witten (SW) curve: the six-dimensional 
curve determines the prepotential of i?-string theory and gives a complete description of its 
low-energy dynamics. Previously there were attempts at deriving the six-dimensional curve 
@) 0) 0) 0) however, only partial results with a few non- vanishing mass parameters {mi} were 
obtained. In this paper we will determine all the coefficient functions aj^hj and the curve 
( p..l|) for arbitrary values of {mj}. It turns out that the functions a^, hj are expressed in terms 
of characters of affine at level j. 

Six-dimensional curves with lower-rank symmetry groups can be easily obtained from 
( p..l| ) by taking some of the mass parameters {nii] to oo or adjusting them to special values. 
We shall show that the known five- dimensional SW curves are reproduced from the six- 
dimensional curve by taking the limit Imr +oo. Four- dimensional curves [1^ are also 



obtained by further taking the remaining period of to 0. Thus our six-dimensional curve 
serves as some kind of master theory encompassing all possible SW theories. 

Let us now recall the relation between BPS states of the i?-string and holomorphic curves 
in the Calabi-Yau 3-fold |]lT| and also the partition function of the Af = 4 U{n) Yang-Mills 



theory on ^K^ 0. Consider an F-theory compactification down to 6-dimensions on a Calabi- 
Yau 3-fold K which is elliptically fibered over a base B. We choose a curve C inside the base 
B so that the elliptic fibration restricted to C gives the ^K^. Consider a D3-brane wrapped 
around C, which gives rise to a string in 6-dimensions. Low energy dynamics of such a string 
can be studied by looking at its BPS spectrum. We compactify the 5th dimension on a circle 
R and count the BPS states of the string with winding number n and momentum k. We 
denote the number of these states as Znk- 



Next by using a duality between F- and M-theory we go to a M-theory description: a 
compactification of F-theory on x S^, where the has radius R, is equivalent to a com- 
pactification of M-theory on K with the Kahler parameter of the elliptic fiber being equal to 
1/R. In M-theory 5- dimensional BPS states are obtained by wrapping a membrane around 
holomorphic curves. Then the number of BPS states Zn.k is given by the number of curves 
in the class n.[C] + k[E] where [C] {[E]) denotes the class of the base (elliptic fiber) of ^K^. 
Thus the counting of BPS states of 6-dimensional E'-string wrapped around a circle is related 
to the counting of holomorphic curves in K which can be analyzed by using the technique of 
mirror symmetry. 

If we introduce M5-branes, the number of BPS states becomes further related to the 
partition function of U{n) Yang-Mills theory on ^K^ 0. Consider a M5-brane wrapped 
around ^K^. One then obtains a string in 5-dimensions. In order to study its spectrum we 
may wrap the string around a circle and compute its toroidal partition function. Then the 
M5-brane becomes effectively wrapped around ^K^ x T^. If we consider the string n-times 
wound around a circle, M5-brane wraps around n-times and one obtains A/" = 4 U{n) 
Yang-Mills theory on ^K^. The gauge coupling constant is given by the modulus r of the 
torus and the momentum k is mapped to the instanton number. Thus Zn^k is also interpreted 
as the fc-instanton contribution to the partition function of U{n) gauge theory on ^K^. 

We want to determine the prepotential of the theory 

°^ n=l k=0 

q = e^-*- (1.7) 

where is the Kahler parameter which is dual (mirror) to the variable u. We have inserted a 
factor g"/^ for the sake of a good modular property of Z„: Z„ becomes a (quasi-) Jacobi form 
of weight —2. 

Actually the functions Z„ have already been computed recursively up to by making use 
of the holomorphic anomaly and the gap condition {Zn,k = for < A; < n) in |^. One may 
continue this computation and obtain more data on On the other hand, from the SW 
curve ( |1 . 1|) one can compute the prepotential by making use of the mirror-type transformation 
and express Z„ in terms of the coefficient functions aj, bj. It turns out that Z„ is written as a 
polynomial in aj, bj, < j < n and in particular linear in a^, &n- Hence given the data {Zn} 
it is easy to determine {aj, bj}. In our actual computation we have used the data up to Zs to 



determine the Seiberg-Witten curve. 



2. Inst ant on Expansion 

Let us next describe the standard mirror-type transformation in Seiberg-Witten theory 
adopted to the present situation [|1^. The couphng constant f of A/" = 2 gauge theory is 
given by the modulus of the elliptic curve 

1728f {u,T;m,f 
f{u, t; miY - 27g{u, r; 

Here j is the elliptic j-function. We may expand the right-hand side of the above equation in 
1/u and obtain 

^ mSE^irf l E4(r)^E6(r)&i(r;m,) 1 
E^irY-EeirY 4 A(r)2 u 

l E,{TYE,{TMT-m,) l 

where A = (E^^ — Eq^) /1728 = rf^. Thus f = r at u = oo. By inverting the j-function in 
we can generate a Taylor series expansion of f around m = oo, 

^E^l i -4:EeAa2 + 48E4A&2 + bE^E^bY + E^E^hY 1 
^"^^Stt a 3847r A2 u^^'"' ^ ' ^ 



u^i = ^{ .^!^'^^^ J , ^2 = ™i. (2.4) 



Periods of the torus cui, 1^2 are given by 

1/4 

27r \^ 12/(m, r; rrii 

Both of these uji are also expanded in Taylor series in 1/u. We can then easily integrate them 
and obtain functions 0, 0d 

(t^ = j duuJi{u,T;mi), (pD = J duuj2{u,T;m,i) = J duf{u,T]mi)uJi{u,T;mi). (2.5) 

Since d(j)/du = ui, d(j)D/du = UJ2, 4>, 0d correspond to the variables of the Coulomb branch 
a, in the 4-dimensional Seiberg-Witten theory. Prepotential is defined by 

f = ^o (2.6) 

as usual. 
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Lower order computation goes as follows: ooi has an expansion 

_ t 1 I (E^E, - E,)h 1 . . 

'^^ 27r M 967r A ^ ' ^ 

4> is then given by 

A A M ' ^ M ' {E2E,-E,)b, l , 
2tt 9o7r A u 

where (pQ is an integration constant. Thus 

w""^ +48 A ^ + ^ 

and therefore 



86^ 8n A 



i ~2E&Aa2 + 24E4A62 + 2E4Eebi^ + E2Eih ^ 
192^ A2 



_^ -^o^-^^ , ^^^^^^^ , , ^^^^ ,.1 ^4^t((/>-0o) _^ . . . (2 10) 



By integrating twice in we obtain the prepotential. In the following we choose 0o = 
-(lnr/i2)/27ri - 1/2. 

We have performed the above transformation up to higher orders and obtained the par- 
tition functions expressed in terms of the coefficient functions of the SW curve. We present 
lower order terms 

Z, = -\^^h, (2.11) 
4 ?7^^ 



„ l/l„ 1„, 1 Ea Er , o 1 Ea^ , •) 1 , s 

Z2 = - \ ^6 ^2 + - ^4 &2 + %^ &1 + &1 , 2.12 

^ o 1 24 2 24 ^ ^ 48 r/24 ^ I ' v j 



9 10 , 5 K 
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^ 27 V16 4 ' ^ 2 ' 512 ^ 

3 E2E4EQ 15 E^Eq 9 i?2 -^4^ , , 

^2 Ol - — O2 Ol - — O2 Ol 



512 X28 r^^^ ^28 r^^^ 

591 ^4 ,3 17 -^4^ , 3 3 E2 Ej^ Efi 3 3 ^2^ , 3] (2]^] 

64 7712 1 2048 7^36 1 512 r/^e ^ 2048 r^se 1 ^ • ^ • ^ 

We have obtained similar formulas up to Zg. 



3. Holomorphic Anomaly and Gap Condition 

Partition functions Z„ of U{n) gauge theory on |i^3 have been computed in § by imposing 
the relation of holomorphic anomaly and gap condition (see |]r3| for a different analysis). 
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Holomorphic anomaly occurs in the gauge theory due to the appearance of reducible connec- 
tions and corresponds to the existence of threshold bound states in the E'-string spectrum. 
Holomorphic anomaly enters via the dependence on E2 of Zn and governed by the relation 



f)7 1 

(3.1: 



— — = — > m{n — m)ZmZ„ 
dE2 24 ^ ^ ' 



m=l 



corresponds to the reduction of the U{n) connection down to that of U{rn) x U{n — m). 
Holomorphic anomaly is tied with the fact that ^K^ does not possess a holomorphic 2-form 
and there exists no mass perturbation of A/" = 4 theory which splits the location of n M5- 
branes. Reduction of supersymmetry leads to a binding force among the branes. 

Gap condition on the other hand requires that instantons with degree k < n do not 
exist in U{n) gauge theory. This comes from the positivity of intersection numbers among 
holomorphic curves in ^K^. 

These two conditions and consideration of modular invariance uniquely determine the 
amplitudes. We list the first 3 instanton amplitudes rewritten slightly from [H] 



where P(mi\T) 



j:\{d,{m,\T) 

i=l j=l 



(3.2) 
(3.3) 



Zo = ^ 



/2o(r)P(2m,- 2r) + /21 (r)P(m,; ^) + /2i(r + l)P(m,; ^ 



24 ^ ^ 



where Mr) = 1^3(r)X(r)^ (^^3(r)^ + 6,{t)') , 



(3.4) 
(3.5) 

(3.6) 



1 



/3o(r)P(3m,;3r) + /31 (r)P(m,; 



T 



+/3i(r + l)P(m,; ^) + /3i(r + 2)P(m,; ^ 

H — EoZoZi E'l'^ Zi'^ 

6 288 



288 



EJT)P(mi;T) 



(3.7) 



where /3o(t^) 



5 77(r)36 



216r7(3r)i2 8 



9 , 



,24 



(3. 
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Mr) 



5 r]{T) 



36 



Mr) 



24 



(3.9) 



24r7(r/3)i2 72 

Note that the function P{mi] r) is (up to rj^) the character of the level-one representation 
of Eg and P{2mi]2T), P{mi] ^),P{mi] ^^) are linear combinations of characters of 3 level- 
two representations of Eg. In general the amplitude Zn is expressed in terms of level-n 
representations of Eg. There exist 1,3,5,10,15,27 distinct representations of Eg at the levels 

1,2,3,4,5,6, respectively. Coefficient functions fno are modular forms of Ti{n) which consists 

f a b\ 

of matrices of the form with ad — be = 1 and a,d = l,c = modn. Functions /„i 

\ c d J 

are the S-transform of /„o- 

Using holomorphic anomaly and the gap condition we have obtained the partition func- 
tions up to Zg. 



4. Six-dimensional Curve 

Now by using these data we can determine the coefficient functions of SW curve. We present 
the ffist few terms and relegate the rest to [Appendix A. 

. Pirui: t) 



bi 



E. 



(4.1) 



a2 

where 



EaA 



/,2,o(r)P(2m,; 2r) + fa2Ar)P(m,; ^) + + l)P{m 



T+1 



/a2,o(r) = -(i?4(r)-9^2(r) 



fa2Ar) = ^[E4{T)-9e,{ry 



(4.2) 
(4.3) 
(4.4) 



b2 

where 



fb2,o{r)P{2mi; 2r) + /52,i(r)P(m,; ^) + /b2,i(r + l)P(m, 



T+1 



h2,o{r) = ^{es{T)' + e,{T 



''^ ^EJt)^ + 60EJt)92{t) 



45^2 (r 



,16 



fb2,l{T) 



576 



Osir)' + 92{r)') (E,{r)' + 60E,{T)9,{r)' - 459,{t) 
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(4.5) 
(4.6) 
(4.7) 



as 



EiA^ 



T+1 



rrii; 



/a3,o(r)P(3m,- 3r) + /,3,i(r)P(m,- -) + /,3,i(r + 1)P(.._„ ^ 
+/a3,i(^ + 2)P(m,;^ 



h^P6(r)P(m,;r)3 



(4i 
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where /,3,o(r) = -Ei{r)h2{rY [7E^{t) - 9/io(r) j , 

fasAr) = -LE,{r)h{r/3y {7E,{t) - ho{r/3)^ 



(4.9) 
(4.10) 



1 



ft3,o{^)P{3mf, 3r) + h3,i{r)P{mf, ^) + f,s,i{r + l)P(m,; ^ 
+/,3,i(r + 2)P(m,; ^) + ^ (sE/ - SEg') P(m,; r)= 



where /63,o(^) 



1 



1 

fbsAr) = j^E,{Tfh,{T/3f {32h,{T/3f + A^h,{T / 3)ho{r / 3f - 81/io(r/3)' 



54 

E^{Tfh2{Tf (32/i2(r)2 + 48/i2(r)/io(r)' - 81/io(i 



(4.11) 
(4.12) 



(4.13) 



Here functions hi are defined by 

oo 

^o(r) = E = ^3(2r)^3(6r) + ^2(2r)^2(6r), 



ni,n2=— oo 



(4.14) 
(4.15) 



?7(3r)3' ''^(t)^ 

It is fortunate that the six-dimensional curve can be written in a relatively compact 
expression. As we have mentioned, coefficient functions a^, hj are expressed in terms of affine 
E^ characters at level-j. Functions /*„^o are modular forms of Ti{n) and are their S- 
transform. We have checked that our curve reduces to the results of when six of the mass 
parameters are set equal to zero. 



5. Five-dimensional Curve 

Let us next see how our result reproduces the five-dimensional curve in the limit g 0. Affine 
E^ characters are reduced to those of the representations of finite-dimensional £^8 algebra in 
this limit. Let us first introduce a labeling of the fundamental representations of £"8 as in Fig. 
|1] where we also show the level of each representation. We then introduce a notation 



P 



n2 ^ 

= 2^ riiPi 

L rii 723 Hi ns ng n-j Uq J i=i 



Hi 



0,1,2,... 



(5.1) 



for a representation p of i?8 whose highest weight is given by the sum of highest weights of 
the fundamental representation pi with multiplicity n^. The level of the representation p is 
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0(2) 

2 4 6 5 4 3 2 

O O O O O O O 

(1) (3) (4) (5) (6) (7) (8) 



Figure 1: Dynkin diagram for Es'. numbers attached to nodes denote the levels of represen- 
tations and the numbers in parentheses show their labels. 

given by J2i ^i^i where £i is the level of pi. Weyl-orbit character for the representation p is 
given by 



Wp[mi 



e""-" (5.2) 

aGA(p) 

where a runs over the weights A(p) of the Weyl orbit containing the highest-weight state 
of the representation p. 

With this preparation we can present the five- dimensional £^8 curve 

y"^ = 4:X^ — F(u;mi)x — G{u;mi), (5.3) 
F{u; rrii) = Aqu^ + A2{mi)u^ + A^{mi)u + Ai{mi), 

G{u; rrii) = Bqu^ + B^u^ + B2{mi)u^ + B^{mi)u^ + B^{mi)u^ + B^{mi)u + BQ{mi) 

with 

^0 = 1^, A2 = -fw^Uooooo] + 12w7[ooooooi] - 1440, (5.4) 
As = -2«;[ooooooo] + 96«;[ioooooo] - 1152«;[ooooooi] + 103680, (5.5) 

A4 — §^[2000000] ~ t'^[oiOOOOo] ~ §""^[0000100] ~ ^""^[lOOOOOl] + 24w[qqqqqq2] 

+^«^[ooooooo] + 48^[oooooio] - ^^^[loooooo] + 28128w[ooSoooi] - 2105280, (5.6) 
Bo = 2l6' ^1 = -4, B2 = -i^u' [1000000] - 3«^[ooooooi] + 840, (5.7) 
^3 = -l^'Uooooo] - 4«^[oooooio] - Sw'fioooooo] + 528«;[ooooooi] - 79680, (5.8) 
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i?4 — 9'W^[200000o] + 9'"^[oiOOOOo] ^9 "^[oOOOlOo] ""^g^"^ [lOOOOOl] 92w[qqqqqq2] 

-^^Uooooo] + 416w;[oooooio] + ™^[ioooooo] - 35536u;[oo[!oooi] + 3911520, (5.9) 

-B5 = |w[;^oOOOOo] ~ §'^[0001000] ^ T^[l00001o] ^ T'^[oOOO00i] ~ 96w[oQQQQ]^]^] — ^'U^[200000o] 

"^"^[OIOOOOO] + ^0tL'[QOOOlO0] + 1088tL'[;^QQQQQ]^] + 7872t(;[QQQQQQ2] + ^^^^^[qQQQQQq] 

-15264u;[oooooio] - ^^[1000000] + 1075776w7[oo[!oooi] - 97251840, (5.10) 

-^6 = "^"^[3000000] +""^[0000000] + §'"^[1100000] + §'"^[0010000] ~ ^'"^[2000001] ~ §'"^[0000010] 

_S7„r 1 _ §^11,1 1 - 112„,,r 1 _ 1000 r 1 _ 992 r 1 
°"^[ooooo2oJ 9 "^LoiooooiJ 3 "^[ooooioiJ 9 "^[iooooo2J 3 "^LoooooosJ 

-70w[ioooooo] - 64w[oooiooo] + ^^[looooio] + SSe^Uooooi] + 3472u;[ooOooii] 

+1584w[2o[Joooo] + 3038m;UJ]oooo] + ^^[ooooiool - 18480m; [loooooi] - 176608w[oo[!ooo2] 

-i^u;[ooooooo] + 197968U; 

[oooooio] + 936200ty[]^oooooo] "~ 12291232ty[Qoooooi] + 971250560. 

(5.11) 

(It is also possible to represent this curve using Weyl-orbit characters only for fundamental 



representations of Eg. See [Appendix B.| In this case products of characters appear in the 
formula. ) 

This curve has a manifest Eg symmetry and can be derived from the expression of |^ with 
5*0(16) symmetry by a suitable shifting of variables and rearrangement of terms. Note that 
Aj, Bj contain representations with levels 1 < I < j (constant term is interpreted as level-one 
representation). This is consistent with the fact that an afiine representation of level j is 
reduced to finite-dimensional representations with levels / < j in the limit q ^ 0. 

In fact we can explicitly show that 

\im a j{T; nii) = Aj{mi), j = 0, 1, 2, . . . , 4, (5.12) 

lim b j {t; rrii) = Bj{mi), j = 0, 1, 2, . . . , 6 (5.13) 

hold. Since 

P{mi;T), Eiir) ^1 as g^O (5.14) 



we can easily check the relation ( ^.13|) for bi. In general it is convenient to use the basis of 
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affine Weyl-orbit characters which are given by, for instance, 

^^'^[ooooooo](^;'^.) = n2m.;2r), (5.15) 

^^'nioooooo](^;"^0 = ^(P(m,;r/2) + P(m,;r/2 + l/2)) -P(2m,;2r), (5.16) 

^^'^[ooooooiK^;"^.) = ^(P(m,;r/2)-P(m,;r/2 + l/2)) (5.17) 

at level-two. Then by taking the limit g — > we find 

a2{r;mi) = ^^^^^^y^^ (^(-16^4(1-) + 9^2(r)*) w^^Hioooooo](^; "^i) 

+9 {Osirf - e,ir)') w^'\ooooooi]ir;m,) - 135^^2(r)'ti}(^)[ooLoo](^; ^.)) (5-18) 

^ -f^LoooooolK) + 12^/;[ooooooi]K) - 1440 = ^2(771,), (5.19) 
1 



576E4(r)^A(r) 



b2{r;mi) = 

X [{Osir)' + e,{r)') {-16E,{rf - 15E,{r)e2{rf + 45^2(r)^'^) w'^Xo'oooooKr; 
+W2{rf (-l2E,{Tf + 25P4(r)^^2(r)' - 1502(r)'') tS^'^UooooiK^; 
+135^2(r)^(^3(r)Ve4(r)^) (7P4(r) - 5^^2(r)^) .S^^^ULooll^; (5-20) 
^ -i^^[ioooooo]("^i) - 3w[ooooooi]("^i) + 840 = B2{m,i). (5.21) 

Flow of Pg theory to theories with smaller symmetry groups has been extensively discussed 
in the literature [0, |15|, H, |l^. In Appendix C we present five-dimensional curves with 



manifest En symmetry for n = 6, 7. 
6. Four-dimensional Curve 

In order to derive four- dimensional curve we first have to reinstate the radius R of the 5th 
dimension and redefine the mass parameter as 

nii Rnii, i = l,2,...,8. (6.1) 

Now the new mass parameters carry the dimension of mass. Four-dimensional limit is obtained 
at R ^ 0. Thus we expand the characters Wp in power series of R. Lower order terms of the 
series are canceled if we make a suitable shift of the parameter as 

u^u + 6C2P' - ic2'P^ + ^C2^P^ (6.2) 
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where C2 is the second order Casimir invariant 

8 

C2 = Y,ml (6.3) 

i=l 

When we rescale variables as 

X R^^x, y B}^y, u R% (6.4) 
all the terms in the curve cancel up to order i?^^ and the curve of 4- dimensional theory 



p!0| , appears as the coefficient of R 



30 



Flow of Eg theory to theories with lower symmetry has been discussed in P, ITU . 



7. Discussions 

In this paper we have constructed the six-dimensional Seiberg-Witten curve which amounts 
to an equation describing the complex structure of ^K^ : by applying the mirror symmetry 
technique one can generate the number of holomorphic curves and gauge theory partition 
functions on ^K^ at any higher order. It will be interesting to see if a similar construction of 
SW curves is possible for manifolds other than the ^K^ surface. 

In |S| it was suggested that SL{2, Z) symmetry of Nf = 4 four- dimensional SW theory 
should be identified as the SL{2, Z) symmetry of the torus of six-dimensional theory. 
Thus there must be a way to obtain four- dimensional Nf = 4 theory directly from the six- 
dimensional theory without going through the degenerate limit of as described in the 
previous sections. It is interesting to see if there in fact exists such a direct link between four- 
and six-dimensional theories. 
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Appendix A. Coefficient Functions of Six-dimensional SW Curve 



04 



aA2 



1 

256' 



128 



(A.l) 



+/M,i(r + l)P( 



mi,; — — W/m,i(t + 2)p( 



+/64,i(t + 3)P(m,; ^) + /M,2(r)P(2m,; r + -) 



+—^6^^(2771^; r) - —E^EeAhbi - ZE^Ahih^^ 



55 



48 ^ ' 96 ^ ^ . 3g^ 

where /64,o(t) = -^{?,2e^{2TY^ - 75es{2r)%{2rf + 2e4{2ry^), 

Mr) = ^(32^3(r/2)i^ - 75^3(r/2)^^2(r/2)« + 2e,{r/2y'), 
fuAr) = -^{32e2i2Ty' - lh92{2Tfe,{2Tf - 2e,{2Tf^), 



EiEobi 



(A.2) 
(A.3) 
(A.4) 
(A.5) 



where 



1 



fm,o{r)P{bmi- 5r) + h,,i{T)P{m,- -) + /(.5,i(r + l)P(m,; ^) 
+/65,i(t + 2)P(m,; ^) + A5,i(t + 3)P(m,; ^ 
+/(.5,i(^ + 4)P(m,;^) 

+ (ghbfi {T)P{Ami ■,At) + gb5,i{r)P(mi; 

+9b5,i{T + l)P(mi; + ^65,i(t + 2)p(m,; 



+9b5,i{r + 3)P( 



r + 3 



,2(r)P(2m,;r + -))PK;r) 



+ 



A3 



/65,o(r) = -virY'vM'' 

7y(5T)« 



X 5'' + 4-5^ 



+ 22-5' 



r}{5r] 



12 



+ 4-5' 



4 Vjrj 
r){5T] 



18 



18 



31 



rjir) 
rj{5T 



124 / ' 



(A.6) 



(A.7) 



13 



n Tiirf TiirV^ riirV^ 

V5 r/ r/5 6 ^ r/5 ^ r/5 



31 



,24 



r/(r/5)24/' 

4 



(A.8) 



^65,o(r) = -^3(2r)^^4(2r)«(-1024^3(2r)i2 + 1664^^3 (2r)«^^4(2r) 

-644^3(2T)^e4(2T)^ + 55^4(2t)^2) , (A.9) 
^(>5,i(r) = ^^3(r/2)^^2(r/2)S(-1024^3(r/2)i2 + 1664^3(r/2)«^2(r/2)^ 

-644^3(r/2)4^2(r/2)S + 55^2(r/2)^2^ , (A.IO) 

9b5,2{r) = -^e2(2T)%4(2T)«(l024e2(2T)^^ + 1664^2(2t)«^4(2t)^ 

+644^2(2t)^^4(2t)^ + 55^4(2r)^2), (A.ll) 



/66,o(T)P(6m,; 6t) + /66,i(r)P(m,; ^) + /66,i(t + l)P{mf, ^) 
+/b6,i(T + 2)P(r 



^ + ^V/,6,i(r + 3)P(m,;^) 



+/66,i(t + 4)p(mi; + fbe,i{T + 5)P(mi; 



+/66,2(r)P(3m,; ^) + /,6,2(r + l)P(3m,; + /,6,3(r)P(2m,; ^) 



+/66,3(r + l)P(2m,; + A6,3(r + 2)P(2m,; 

gb6,0 {r)P{Ami; 4t) + gbe,i{T)P(mi; -) 

+^66,i(^ + l)P(mi; + (766,1 + 2)P( 



+ 



02 



£;4A2 



2r + 1 



r + 2 



+ 



A3 



+5'66,i(t + 3)P(mi; + gm,2{T)P{2mi] ^ + 2) 

— + — A264&1' + -A2636261 + ^E6A636i' + -^A626i' 
7344 ^ ^ 408 34 ^ 6528 1088 



7344 



^ £;4A^a3a26i ^^£'4^Aa36i^ ^—E^EQi^aX' 



23500 



+ 



:E4^Aa2b2bi^ 



36864 



1536 256 69632 

4 / _ ,x /. , , ,n2 



(A.12) 



where /fe6,o(r) = - — (/^oW + /io(2r)) (/io(r) - 2/io(2r) 

x(27/?.o(r)^ + 84/io(T)'/io(2r) + 72/io(t)/io(2t)' - 32/io(2t)^), (A.13) 

/66,i(r) = ^^(2^o(r/3) + /io(r/6)) (/io(r/3) - /io(r/6))' 

x(27ho{T/3f + 42/io(r/3)'/io(r/6) + 18/io(r/3)/io(r/6)' - 4/io(r/6)=^), (A.14) 
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/66,2(r) = ^(-2/io(t) + ho{T/2)) (/io(t) + /io(t/2))' 

X {27h^{Tf - 42/io(r)'/io(r/2) + 18/io(r)/io(r/2)' + 4/io(r/2)^) , (A.15) 

/66,3(t) = ^ (/io(T/3) - /io(2t/3)) (/io(T/3) + 2/io(2T/3))' 

X (27ho{r/3f - 84/io(t/3)^/io(2t/3) + 72/io(r/3)/io(2r/3)^ + 32/io(2r/3)^), 

(A.16) 

^.6,o(r) = -^^3(2r)^ + fe,{2r)\ (A.17) 
^.6,i(r) = J^^3(r/2)^ - ^02{r/2)\ (A.18) 
^.6,2(r) = -^02{2r)' - le,{2r)\ (A.19) 



Appendix B. Coefficient Functions of 5d SW Curve in terms of 
Characters of Fundamental Representations 

Aq ^ ^, ^2 = + 12W8 - 1440, A3 = -2W2 + 96Wi - 1152W8 + 103680, (B.l) 

A4 — — 4^3 — 16^6 — "iSWiWs — 144^8^ 

+400^2 + 1440^7 + 1728^1 + 41472^8 - 2073600, (B.2) 

Bo ^ Bi = -4, B2 = -j^wi - 3W8 + 840, (B.3) 

B3 = -1^2 - 4^7 - 8wi + 528^8 - 79680, (B.4) 

B4 — 1^1^ — — — 2AwiW8 — 120'w;8^ 

+ ^W2 + 1272^7 + 4608u;i - 25920u;8 + 3939840, (B.5) 

B5 = lwiW2 - 4^5 - I6W1W7 + 64W2W8 + 288i(;7W8 - 96wi^ - 6OW3 - 160W6 + 3456W8^ 

+8OOW2 - 24480^7 - 108480^1 + 933120^8 - 97873920, (B.6) 

Bq — — ^l/y'i'^ + + ^WiWs — AWi — yWiWg — 48^1^108 + 48'U;2'W^7 + 288l(77^ — AQw^w^ 

-480W6W8 - 2592wiW8^ - 9792W8^ + ^^WiW2 + 548W5 + 6688W1W7 + 1884W2W8 
+25632^7^8 + 24576^1^ + 12920^3 + 88320^6 + 578688^1^8 + 1714176^8^ 
-1694400u;2 - 8460000^7 - 30102720ti;i - 104198400'u;8 + 721612800 (B.7) 
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where wi,...,ws denote Es Weyl-orbit characters of fundamental representations and are 
defined as 



^-"^ [0001000] > f^e^ti'Uooioo]' ^-t^^ [00000 10] > f^s^-"^ [0000001] ■ (B-8) 



Appendix C. Five-dimensional En SW Curve 

curve: 

y2 = 4^,3 _ ^l_^A (-^wi + 12)m^ - 2W2U + - 4W3 - 16^6 - 48Wi - IU)^X 

"(216^^ + (~ik^i ~ ^)^^ + (-|^2 - 4^7)^^ + (fwi^ - |^/;3 - fwe - 24^1 - 120)k^ 

+ {^WiW2 — 4^5 — leWiWy + 64^2 + 2S8Wy)u + { — -^Wi^ + W-i + |u'iW3 — 4^4 
-yWiWe - 48Wi^ + 48W2W7 + 288W7^ - 4OW3 - 480^6 - 2592wi - 9792)) (C.l) 

where Wi, . . . , denote E-j Weyl-orbit characters and are defined as 

«^l = [100000] > ^^2 = [000000] > f«3 = [010000] > ='U^[oo?OOo]> 

^'S = '"^[000100] > f«6 ^'ti' [000010] > f«7 ^-"^ [00000 1]- (C.2) 



E^ curve: 



^(\W\W2 — 4l/;5 — \^W\)U 



^3' 
■27" 



+ + W2 + fwiWs - 4W4 - f W1W6 + 48W2 + 288) ) (C.3) 



where w\^. . . denote E^ Weyl-orbit characters and are defined as 



«^l = [10000] > f^2 = w[ooJoo]> f«3 = [01000] > = 'W^[oo?Oo]> 

^^5 = w[oooio], W6 = w[ooSoi]- (C.4) 



16 



References 



[1] O. J. Ganor and A. Hanany, "Small Eg Instantons and Tensionless Non-Critical Strings, 
Nucl. Phys. B 474 (1996) 122, |hep-th/9602T20| . 



[2] P. Horava and E. Witten, "Heterotic and Type I String Dynamics from Eleven Dimen- 
sions," Nucl. Phys. B 460 (1996) 506, |hep-tli/9510209| . 



[3] J. A. Minahan, D. Nemeschansky, C. Vafa and N. P. Warner, "£^-Strings and = 4 



Topological Yang-Mills Theories," Nucl. Phys. B 527 (1998) 581, |hep-th/9802T6S . 



[4] O. J. Ganor, "Toroidal Compactification of Heterotic 6D Non-Critical Strings Down to 
Four Dimensions," Nucl. Phys. B 488 (1997) 223, |hep-th/9608109| . 



[5] O. J. Ganor, D. R. Morrison and N. Seiberg, "Branes, Calabi-Yau Spaces, and Toroidal 
Compactification of the A^ = 1 Six-Dimensional Eg Theory," Nucl. Phys. B 487 (1997) 
93, |hep-th/961025T| . 

[6] J. A. Minahan, D. Nemeschansky and N. P. Warner, "Investigating the BPS Spectrum 
of Non-Critical E^ Strings," Nucl. Phys. B 508 (1997) 64, |hep-th/9705237| . 



[7] K. Mohri, "Exceptional String: Instanton Expansions and Seiberg- Witten Curve," |hep- 
th/011012ll . 



N. Seiberg and E. Witten, "Monopoles, Duality and Chiral Symmetry Breaking in N=2 
Supersymmetric QCD," Nucl. Phys. B 431 (1994) 484, |hep-th/ 94080991 



[9] J. A. Minahan and D. Nemeschansky, "An N = 2 Superconformal Fixed Point with Eq 
Global Symmetry," Nucl. Phys. B 482 (1996) 142, [hep-th/96080T7| . 



[10] J. A. Minahan and D. Nemeschansky, "Superconformal Fixed Points with En Global 
Symmetry," Nucl. Phys. B 489 (1997) 24, |hep-th/961007^ . 

[11] A. Klemm, P. Mayr and C. Vafa, "BPS States of Exceptional Non-Critical Strings," 
|hep-th/96U7T^ . 

[12] J. A. Minahan, D. Nemeschansky and N. P. Warner, "Partition Functions for BPS States 
of the Non-Critical Eg String," Adv. Theor. Math. Phys. 1 (1998) 167, |hep-th/9707"ng . 



17 



[13] K. Yoshioka, "Euler Characteristics of SU{2) Instanton Moduli Spaces on Rational 
Elliptic Surfaces," Commun. Math. Phys. 205 (1999) 501, |niath.as/9805003 . 



[14] D. R. Morrison and N. Seiberg, "Extremal Transitions and Five-Dimensional Super- 
symmetric Field Theories," Nucl. Phys. B 483 (1997) 229, |hep-th/960907D. 



[15] M. R. Douglas, S. Katz and C. Vafa, "Small Instantons, del Pezzo Surfaces and Type 
r theory," Nucl. Phys. B 497 (1997) 155, |hep-th/ 9609071 . 



[16] Y. Yamada and S. K. Yang, "Afiine 7-brane Backgrounds and Five-Dimensional Ef^ 
Theories on S\'' Nucl. Phys. B 566 (2000) 642, |hep-th/ 9907134 . 



[17] M. Noguchi, S. Terashima and S. K. Yang, "N = 2 Superconformal Field Theory with 
ADE Global Symmetry on a D3-brane Probe," Nucl. Phys. B 556 (1999) 115, §ep 
th/9903215|. 



18 



